For a local field F with finite residue field, we count close vertices in the affine buildings of SL n (F ) and Sp n (F ), addressing a question of [4] . In the case of SL n (F ), we give an explicit formula for the number ω n of vertices close to a given vertex. We establish the conjecture following Proposition 3.4 of [4] relating ω n and the number of chambers containing a given vertex. We give analogous results for Sp n (F ) for special vertices.
Introduction
Let F be a local field with ring of integers O, uniformizing parameter π, and residue field k ∼ = F q . For n ≥ 3, let Ξ n denote the affine building of SL n (F ). In [4] , Schwartz and Shemanske define what it means for two vertices of Ξ n to be distance one apart; this is our idea of close. Although we can view Ξ n as a graph (with vertices the vertices of Ξ n and adjacent vertices distinct, incident vertices of Ξ n ), Schwartz and Shemanske's idea of distance one is not the graph distance between the vertices; rather, it is the minimal length of a gallery starting at a chamber containing one vertex and ending at a chamber containing the other. Given a vertex t of Ξ n , Schwartz and Shemanske show that the number ω n of vertices close to t is the degree of the double coset GL n (O)diag(1, π, . . . , π, π 2 )GL n (O), where the degree of GαG is the number of right cosets of G in GαG. They compute this degree for n = 3, 4, 5 and conjecture that for all n ≥ 3, q · r n = r n−2 ω n , where r n is the number of chambers of Ξ n containing a given vertex, and r 1 = 1.
We give an explicit formula for ω n , allowing us to establish the relationship between ω n and r n . We also consider the affine building ∆ n of Sp n (F ), where n ≥ 2. In particular, we give a formula for the number ω ∆n of vertices of ∆ n close to a given special vertex of ∆ n and prove that for all n ≥ 2, q · r ∆n = r ∆ n−1 ω ∆n , where r ∆n is the number of chambers of ∆ n containing a given special vertex, and r ∆ 1 = q + 1.
In section 1, we review the description of Ξ n , derive the formula for ω n , and prove the relationship between ω n and r n . We turn to ∆ n in section 2, starting with a description of ∆ n , as well as a natural way to identify a chamber of ∆ n with a chamber of Ξ 2n . This embedding will be useful in deriving the formula for ω ∆n . In section 2.1, we describe the apartments of ∆ n . In section 2.2, we explain how to assign a type to a vertex of ∆ n , and in section 2.3, we show how a certain subgroup of GSp n (F ) acts on the vertices of ∆ n . We consider the special vertices of ∆ n and give a formula for r ∆n in section 2.4. Finally, we derive a formula for ω ∆n and prove the relationship between ω ∆n and r ∆n in section 2.5.
We thank Paul Garrett for the idea behind the proof of Theorem 1.1 and for his comments on earlier versions of this paper.
The Affine Building of SL n (F )
Recall that we can model the affine building Ξ n of SL n (F ) as an (n − 1)-dimensional simplicial complex with vertices identified with homothety classes of lattices, as follows (see [3] ). Fix an n-dimensional F -vector space V . A lattice is a free O-submodule of V generated by an F -basis of V . Two lattices L and L ′ are homothetic if there is an α ∈ F × such that L ′ = αL; write [L] for the homothety class of the lattice L. Alternatively, we write [L] as the infinite flag · · · πL L π −1 L · · · . The homothety classes of lattices are the vertices of Ξ n . Two vertices t and t ′ are incident if there are representatives L ∈ t and L ′ ∈ t ′ such that πL ⊆ L ′ ⊆ L; i.e., L ′ /πL is a k-subspace of L/πL. It follows that the chambers of Ξ n have n vertices t 0 , . . . , t n−1 with representatives L i ∈ t i such that πL 0 L 1 · · · L n−1 L 0 . Equivalently, L 1 /πL 0 · · · L n−1 /πL 0 is a maximal flag of non-trivial, proper k-subspaces of L 0 /πL 0 . We may write a chamber as · · · πL n−1 πL 0 L 1 · · · L n−1 L 0 π −1 L 1 · · · .
A codimension-one face A of the chamber C given by the above flag has exactly n − 1 of the n vertices of C. Thus, A is given by the flag for C with . . . , πL i , L i , π −1 L i , . . . deleted for some 0 ≤ i ≤ n − 1. Two chambers C and C ′ of Ξ n are adjacent if they share a codimension-one face.
Since we want our definition of close to coincide with that of distance one apart in [4] , we make the following definition (see [4, p. 127] ).
Suppose t is a vertex of Ξ n with representative L. A chamber C containing t has the form · · · πL n−1 πL L 1 · · · L n−1 L π −1 L 1 · · · , and the codimension-one face of C not containing t is given by · · · πL n−1 L 1 · · · L n−1 π −1 L 1 · · · .
(1)
Then a vertex is close to t if and only if it has a representative M = L such that · · · πL n−1 πM L 1 · · · L n−1 M π −1 L 1 · · · .
Given the lattices L 1 and L n−1 , the possible L and M satisfy L n−1 L = M π −1 L 1 . On the other hand, if L and M are lattices with [L] and [M ] close vertices of Ξ n , there are lattices L 1 , . . . , L n−1 as in (1) with L n−1 L = M π −1 L 1 . Thus, π −1 L 1 = L + M and L n−1 = L ∩ M , but we can vary L 2 , . . . , L n−2 as long as L 1 L 2 · · · L n−2 L n−1 . In other words, if t and t ′ are close vertices of Ξ n , there may be two (or more) pairs of adjacent chambers C and
Before we count the number of vertices close to a given vertex t of Ξ n , we make a few observations. Fix a representative L of t. If U 1 is a 1-dimensional subspace of L/πL, the Correspondence Theorem implies that L 1 is the lattice such that L 1 /πL = U 1 and πL L 1 L; i.e., the number of L 1 equals the number of 1-dimensional subspaces of L/πL. Similarly, given L 1 , the number of lattices L n−1 with πL L 1 L n−1 L and L n−1 /πL an (n − 1)-dimensional subspace of L/πL equals the number of (n − 2)-dimensional subspaces of L/L 1 . Finally, given L 1 and L n−1 , the number of lattices M = L such that L n−1 M π −1 L 1 is one less than the number of non-trivial, proper subspaces of π −1 L 1 /L n−1 . Theorem 1.1. If t is a vertex of Ξ n , the number ω n of vertices of Ξ n close to t is
Proof. Let L be a representative of t. Since L/πL ∼ = F n q , the number of 1-dimensional subspaces of L/πL is (q n − 1)/(q − 1). By duality, the number of (n − 2)-dimensional subspaces of L/L 1 equals the number of 1-dimensional subspaces of L/L 1 , which is (q n−1 − 1)/(q − 1). Finally, the number of proper, non-trivial subspaces of π −1 L 1 /L n−1 is q + 1. Therefore, the number of vertices of Ξ n close to t is
Let r n be the number of chambers of Ξ n containing t. By [4, Proposition 2.4],
which, with the previous theorem, establishes the conjecture following Proposition 3.4 of [4] . Corollary 1.1. For all n ≥ 3, q · r n = r n−2 ω n , where r 1 = 1.
The Affine Building of Sp n (F )
We now turn to the affine building ∆ n of Sp n (F ), which we can visualize as an n-dimensional simplicial complex with vertices identified with certain homothety classes of lattices. One important fact is that Sp n (F ) acts transitively on the vertices of ∆ n of a given type (the analogous statement is true for Ξ n ); we use this fact without comment. Also, while every vertex of Ξ n is special, only two vertices of each chamber of ∆ n are special (see [5] for a characterization).
We now describe ∆ n (cf. [2] ). Let ord be the discrete valuation of F and V a fixed 2ndimensional F -vector space endowed with the bilinear form ·, · defined on the standard F -basis vectors e 1 , . . . , e 2n of V by
Then ·, · is non-degenerate and alternating. For i = 1, . . . , n, let f i = e n+i . Then e i , f j = δ ij (Kronecker delta) and e i , e j = 0 = f i , f j . Let B = {e 1 , . . . , e n , f 1 , . . . , f n }. Call a basis
Define homothety classes of lattices as in the case of Ξ n (our lattices now have rank 2n). A lattice L is primitive if L, L ⊆ O and ·, · induces a non-degenerate, alternating bilinear form on L/πL over k. The vertices of ∆ n are the homothety classes of lattices with a representative L such that there is a primitive lattice L 0 with πL 0 ⊆ L ⊆ L 0 and L, L ⊆ πO; equivalently, L/πL 0 is a totally isotropic k-subspace of L 0 /πL 0 . Two vertices t and t ′ are incident if there are representatives L ∈ t and L ′ ∈ t ′ and a primitive lattice L 0 such that either πL 0 ⊆ L ⊆ L ′ ⊆ L 0 or πL 0 ⊆ L ′ ⊆ L ⊆ L 0 ; i.e., either L/πL 0 ⊆ L ′ /πL 0 or L ′ /πL 0 ⊆ L/πL 0 is a flag of (not necessarily non-trivial) totally isotropic k-subspaces of L 0 /πL 0 . Thus, the chambers of ∆ n have n + 1 vertices t 0 , . . . , t n with representatives L i ∈ t i such that L 0 is primitive, πL 0 L i L 0 for i = 1, . . . , n, and L 1 /πL 0 · · · L n /πL 0 is a maximal flag of non-trivial, totally isotropic k-subspaces of L 0 /πL 0 . As in the case of Ξ n , we may write a chamber of ∆ n as
(2)
Furthermore, for C the chamber of ∆ n given by the above flag, a codimension-one face of C is given by the flag for C with . . . , πL i , L i , π −1 L i , . . . deleted for some 0 ≤ i ≤ n, and two chambers of ∆ n are adjacent if they share a codimension-one face. Note that ∆ n is a subcomplex of Ξ 2n . In Lemma 2.1, we fix an identificiation of a chamber of ∆ n with a chamber of Ξ 2n . Let t be a vertex of ∆ n . A chamber C of ∆ n containing t is a flag as in (2), where L 0 is primitive, L i /πL 0 is a totally isotropic k-subspace of L 0 /πL 0 for 1 ≤ i ≤ n, and t = [L i ] for some 0 ≤ i ≤ n. In general, a chamber of Ξ 2n containing C has the form
(3)
There is a natural way to identify a chamber of ∆ n with a chamber of Ξ 2n such that distinct chambers of ∆ n are associated to distinct chambers of Ξ 2n .
Proof. Let C be a chamber of ∆ n , and suppose C is given by the flag (2) .
We call the identification of the last lemma the oc identification (oc for "orthogonal complement"). If C is a chamber of ∆ n andC is the chamber of Ξ 2n obtained by the oc identification of C, callC an oc chamber.
Lemma 2.2. Let C be a chamber of ∆ n and A a codimension-one face of C. Then the oc identification identifies A with a codimension-one simplex of Ξ 2n such that distinct codimension-one faces of C are associated to distinct codimension-one simplices of Ξ 2n .
Proof. This is immediate from the definition of codimension-one face.
The apartments of ∆ n
We recall a description of the apartments of ∆ n following [2] . A two-dimensional subspace U of V is a hyperbolic plane if it has an ordered basis x, y such that x, x = 0 = y, y and x, y = 1, in which case the basis x, y is a hyperbolic pair in U . A frame in V for ∆ n is an unordered n-tuple {λ 1 1 , λ 2 1 }, . . . , {λ 1 n , λ 2 n } of pairs of lines such that
A vertex t of ∆ n lies in the apartment specified by the frame
Consequently, a frame in V for ∆ n is also a frame in V for Ξ 2n .
Since our focus is on the vertices of ∆ n (viewed as vertices of Ξ 2n ), we recall some basic results about the apartments of ∆ n now.
1. Every symplectic basis of V specifies an apartment of ∆ n .
2. If Σ is an apartment of ∆ n , then there is a symplectic basis {u 1 , . . . , u n , w 1 , . . . , w n } of V such that every vertex of Σ has the form
Remark 2.1. This lemma does not assert that there is a one-to-one correspondence betweeen the set of symplectic bases of V and the set of frames in V for ∆ n . For example, if
n } is a frame in V for ∆ n and hence specifies an apartment of ∆ n .
For part 2, let Σ be an apartment of ∆ n , and let {λ 1
. . , u n , w 1 , . . . , w n } is a symplectic basis of V , and every vertex of Σ has the form [Oπ a 1 u 1 + · · · + Oπ an u n + Oπ b 1 w 1 + · · · + Oπ bn w n ].
Suppose {u 1 , . . . , u n , w 1 , . . . , w n } is a symplectic basis of V . By [5] , if L = Oπ a 1 u 1 + · · · + Oπ an u n + Oπ b 1 w 1 + · · · + Oπ bn w n , then L is primitive if and only if a i + b i = 0 for all i. Since the uniformizing parameter π is fixed, given a symplectic basis B ′ = {u 1 , . . . , u n , w 1 , . . . , w n } of V , simplify notation and write (a 1 , . . . , a n ; b 1 , . . . , b n ) B ′ for the lattice Oπ a 1 u 1 + · · · + Oπ an u n + Oπ b 1 w 1 + · · · + Oπ bn w n and [a 1 , . . . , a n ; b 1 , . . . , b n ] B ′ for its homothety class. Remark 2.3. In general, [a 1 , . . . , a n ; b 1 , . . . , b n ] B ′ is only a vertex of Ξ 2n ; it need not be a vertex of ∆ n .
Let J = 0 I −I 0 , where 0 is the n × n zero matrix and I is the n × n identity matrix. Then
and Sp n (F ) consists of the matrices g ∈ GSp n (F ) with ν(g) = 1. Let S = F × /O × , which we take to be {π m : m ∈ Z} for convenience, and let G S be the set of matrices g ∈ GSp n (F ) such that ν(g) ∈ S.
The types of vertices of ∆ n
Let L 0 = (0, . . . , 0; 0, . . . , 0) B and t 0 = [L 0 ]. Assign type 0 to t 0 . For any other vertex t of Ξ 2n with representative L, let g ∈ GL 2n (F ) such that L = gL 0 . The type of t = [L] is ord(det g) mod 2n; this is well-defined, by [3] .
Let C 0 be the chamber of ∆ n whose vertices are the homothety classes of the lattices L 0 , L 1 = (0, 1, . . . , 1; 1, . . . , 1) B , . . . , L n = (0, . . . , 0; 1, . . . , 1) B .
Identify C 0 with the chamberC 0 of Ξ 2n whose vertices are the homothety classes of the lattices L 0 , . . . , L n as above, along with the homothety classes of the lattices L n+1 = (0, . . . , 0; 1, . . . , 1, 0) B , . . . , L 2n−1 = (0, . . . , 0; 1, 0, . . . , 0) B . Remark 2.4. For 1 ≤ i ≤ n, L 2n−i /πL 0 is the orthogonal complement of L i /πL 0 in L 0 /πL 0 ; i.e., our identification of C 0 withC 0 is the oc identification, andC 0 is an oc chamber.
For 1 ≤ i ≤ 2n − 1, L i has type 2n − i. If t is any other vertex of Ξ 2n , let Σ be an apartment of Ξ 2n containing t andC 0 . By [1, p. 99] , there is a g ∈ SL 2n (F ) such that gt ∈C 0 ; hence, t has type 2n − i if and only if gt = [L i ]. This defines labellings of Ξ 2n and ∆ n . Lemma 2.4. If t is a vertex of ∆ n , then t has type n, . . . , 2n mod 2n.
The action of G S on the vertices of ∆ n
Let t be a vertex of Ξ 2n with representative L = Ov 1 + · · · + Ov 2n . If g ∈ GL 2n (F ), define gt = [gL] = [O(gv 1 ) + · · · + O(gv 2n )].
Lemma 2.5. If [L] is a vertex of Ξ 2n of type i, then for any g ∈ GL 2n (F ), g[L] has type i+ord(det g) mod 2n.
Proof. Since [L] has type i, we can write L = g i L 0 , where g i ∈ GL 2n (F ) with ord(det g i ) ≡ i mod 2n. Then g[L] has type ord(det(gg i )) mod 2n ≡ i + ord(det g) mod 2n.
Lemma 2.6. Let L be a primitive lattice of V . Then for all g ∈ Sp n (F ), gL is primitive.
Proof. By [5] , write L = (c 1 , . . . , c n ; d 1 , . . . d n ) B ′ , where B ′ = {u 1 , . . . , u n , w 1 , . . . , w n } is a symplectic basis of V and c i + d i = 0 for 1 ≤ i ≤ n. Then gB ′ = {gu 1 , . . . , gu n , gw 1 , . . . , gw n } is a symplectic basis of V and gL = (c 1 , . . . , c n ; d 1 , . . . , d n ) gB ′ ; hence, [5] implies that gL is primitive. Proof. If t is a type 0 vertex of ∆ n , we can choose g ∈ Sp n (F ) such that gL 0 ∈ t. Since L 0 is primitive, the last lemma implies that gL 0 is primitive.
Conversely, let g ∈ Sp n (F ) such that gt ∈ C 0 . If L is a primitive representative of t, then gL is primitive by the last lemma. Since L 0 is primitive and L i is not primitive for i = 0 by [5] , gt = [L 0 ]. Let B ′ = {u 1 , . . . , u n , w 1 , . . . , w n } be a symplectic basis of V . For g ∈ GSp n (F ), gB ′ = {gu 1 , . . . , gu n , gw 1 , . . . , gw n } is a basis of V with gu i , gw j = ν(g)δ ij and gu i , gu j = 0 = gw i , gw j for all i, j; hence, gB ′ is a symplectic basis of V if and only if g ∈ Sp n (F ). On the other hand, the basis B ′ g := {ν(g) −1 gu 1 , . . . , ν(g) −1 gu n , gw 1 , . . . , gw n } is a symplectic basis of V . We use the basis B ′ g in what follows. Proof. Let t be a special vertex of ∆ n . By [5] , there is a symplectic basis B ′ of V and integers a 1 , . . . , a n , µ such that t = [a 1 , . . . , a n ; µ − a 1 , . . . , µ − a n ] B ′ . Let g ∈ Sp n (F ) such that gt ∈ C 0 . Then gt = [a 1 , . . . , a n ; µ − a 1 , . . . , µ− a n ] B ′ g . Since we can go from B to B ′ g via an element of Sp n (F ), this implies that gt = [L 0 ] or gt = [L n ]. Now let t be a vertex of ∆ n of type 0 (resp., n). Let g ∈ Sp n (F ) such that gL 0 ∈ t (resp., gL n ∈ t). Then gL 0 = (0, . . . , 0; 0, . . . , 0) Bg (resp., gL n = (0, . . . , 0; 1, . . . , 1) Bg ), and t is special by [5] .
We end this section with some observations for later. Let C and C ′ be adjacent chambers of ∆ n that differ in their vertices of type 0, and let t (resp., t ′ ) be the vertex of C (resp., C ′ ) of type 0. Let the remaining vertices of C be t 1 , . . . , t n , where t i has type 2n − i mod 2n for 1 ≤ i ≤ n. By Corollary 2.1, t (resp., t ′ ) has a primitive representative L (resp., L ′ ). For i = 1, . . . , n, let L i be a representative of t i such that πL ′ , πL L 1 · · · L n L, L ′ and L i , L i ⊆ πO. Fix an apartment Σ of ∆ n containing C and C ′ , and let B ′ = {u 1 , . . . , u n , w 1 , . . . , w n } be a symplectic basis of V as in Lemma 2.3. For j = 1, . . . , n, let
where for all i, j, a [5] . Lemma 2.8. With C and C ′ as above, there are adjacent chambers D and D ′ of Ξ 2n that differ in their vertices of type 0 such that D (resp., D ′ ) contains C (resp., C ′ ).
Proof. Let g ∈ G S such that ord(ν(g)) = 2r + 1 for some r ∈ Z. For 1 ≤ j ≤ n, letL j = π −(r+1) gL j andL = π −r gL andL ′ = π −r gL ′ . ThenL n is primitive and
where for 1 ≤ j ≤ n, dim k (L j /πL n ) = n + j and dim k (L/πL n ) = n = dim k (L ′ /πL n ). Let U 2n−1 =L/πL n ∩L ′ /πL n , and let U n+1 , . . . , U 2n−2 be subspaces ofL n /πL n such that U n+1 ⊆ · · · ⊆ U 2n−2 is a maximal flag of non-trivial, proper subspaces of U 2n−1 . LetL n+1 , . . . ,L 2n−1 be the lattices such thatL j /πL n = U j for n + 1 ≤ j ≤ 2n − 1 and πL n L n+1 · · · L 2n−1 L ,L ′ L 1 · · · L n .
For j = n + 1, . . . , 2n − 1, let L j = π r g −1L j . Then
Thus, if D (resp., D ′ ) is the chamber of Ξ 2n with vertices [L], [L 1 ], . . . , [L 2n−1 ] (resp., [L ′ ], [L 1 ], . . . , [L 2n−1 ]), then D (resp., D ′ ) contains C (resp., C ′ ). Moreover, D and D ′ are adjacent chambers of Ξ 2n that differ in their vertices of type 0.
Corollary 2.2. Let C, C ′ , t, t ′ be as in the last lemma, and let g ∈ G S such that ord(ν(g)) ≡ 1 mod 2. Then there are adjacent chambers C 1 and C ′ 1 of ∆ n such that gt ∈ C 1 and gt ′ ∈ C ′ 1 .
Proof. Let L, L ′ , L 1 , . . . , L n be as in the last lemma. By the proof of the last lemma, there are
] and latticesL n+1 , . . . ,L 2n−1 such thatL n is primitive and πL n L n+1 · · · L 2n−1 L ,L ′ L 1 · · · L n . The proof of the following lemma is similar to the proof of Lemma 2.8. Lemma 2.9. Suppose C and C ′ are adjacent chambers of ∆ n that differ in their vertices of type n. Let g ∈ G S such that ord(ν(g)) ≡ 1 mod 2. Let t ∈ C and t ′ ∈ C ′ be the vertices of type n. Then there are adjacent chambers C 1 and C ′ 1 of ∆ n such that gt ∈ C 1 and gt ′ ∈ C ′ 1 .
The Special Vertices of ∆ n
We now focus on the special vertices of ∆ n , which are the vertices of type 0 or n by Lemma 2.7. For t a special vertex of ∆ n , take all the chambers (along with all their faces) of ∆ n containing t, and remove t, along with all incident simplices. What remains is the link of t in ∆ n , denoted lk ∆n t, which is isomorphic to the building ∆ s n of type C n over k. Following [3] , we describe ∆ s n . Let V s be a 2n-dimensional k-vector space endowed with a symplectic form ·, · s . The vertices of ∆ s n correspond to (non-trivial) totally isotropic subspaces of V s , and the chambers are determined by maximal flags U 1 · · · U n of non-trivial, totally isotropic subspaces of V s . Since V s is 2ndimensional, the chambers have n vertices. By [1, p. 31], ∆ s n is isomorphic (as a poset) to the subposet of ∆ n consisting of those simplices containing t. In particular, the fact that ∆ s n = lk ∆n t is a building means that the chambers (resp., codimension-one simplices) of ∆ s n are in one-to-one correspondence with the chambers (resp., codimension-one simplices) of ∆ n containing t. Thus, the number of chambers containing a given special vertex t is independent of wether t has type 0 or n. Proposition 2.1. Every special vertex of ∆ n is a face of exactly
Proof. It suffices to consider a special vertex t of type 0. By Corollary 2.1, t has a primitive representative L, and by considering lk ∆n t, it suffices to count the number of maximal flags U 1 · · · U n of (non-trivial) totally isotropic subspaces of L/πL. Since every 1-dimensional space is totally isotropic, the number of U 1 is (q 2n − 1)/(q − 1). Suppose we have chosen U 1 · · · U m , and let {u 1 , . . . , u m } be a basis of U m . Extend this to a symplectic basis {u 1 , . . . , u m , u m+1 , . . . , u n , w 1 , . . . , w n } of L/πL. We count the number of vectors of (L/πL)\U m that we can add to {u 1 , . . . , u m } to form a basis of an (m + 1)-dimensional totally isotropic subspace of L/πL containing U m . Such a vector must have a coefficient of 0 for w 1 , . . . , w m , and at least one of the coefficients of u m+1 , . . . , u n , w m+1 , . . . , w n must be non-zero; hence, there are q m Remark 2.5. The number r ∆n in the previous proposition corresponds to the number r n given in Proposition 2.4 of [4] . Since Sp 1 (F ) = SL 2 (F ), we set r ∆ 1 = q + 1 for completeness.
We also need the number of chambers of ∆ n containing a given codimension-one simplex.
Lemma 2.10. Let A be a codimension-one simplex of ∆ n with a special vertex t, and let A ′ be the corresponding codimension-one simplex of ∆ s n = lk ∆n t. Then the number of chambers of ∆ n containing A equals the number of chambers of ∆ s n containing A ′ .
Proof. View a chamber C of ∆ n (resp., ∆ s n ) as the power set of an unordered set, also denoted C, of n + 1 (resp., n) pairwise incident vertices of ∆ n (resp., ∆ s n ). Write P(B) for the power set of a set B. Let T (resp., T ′ ) be the set of chambers of ∆ n (resp., ∆ S n ) containing A (resp., A ′ ), and let ϕ : T → T ′ be the map C → P(C\{t}) and ψ : T ′ → T the map C ′ → P(C ′ ∪ {t}). Then ϕ and ψ are inverses.
It therefore suffices to count the number of chambers of ∆ s n containing a given codimension-one simplex of ∆ s n ; such a simplex has the form of a flag defining a chamber of ∆ s n with some U i missing. The number we are interested in is then the number of U i that "fit" in the flag. By considering the cases i = 1, i = n, and 1 < i < n separately, one obtains a proof of the following lemma. Proof. This follows from the two previous lemmas.
Finally, every chamber of ∆ n has exactly two special vertices, so the last corollary gives the number of chambers of ∆ n containing a given codimension-one simplex.
Corollary 2.4. Every codimension-one simplex of ∆ n is a face of exactly q + 1 chambers. Now suppose t is a vertex of ∆ n with a primitive representative L. A chamber C of ∆ n containing t is given by the flag (2) with L replacing L 0 . The oc identification associates C to the chamberC of Ξ 2n given by · · · πL 2n−1 πL L 1 · · · L 2n−1 L π −1 L 1 · · · .
Then by Lemma 2.2, the codimension-one face ofC not containing t is given by
Close Vertices of ∆ n
As in section 1, we make the following definition.
Definition 2.1. Two vertices t and t ′ of ∆ n are close if there are adjacent chambers C and C ′ of ∆ n such that t ∈ C, t ′ ∈ C ′ , and t, t ′ ∈ C ∩ C ′ .
Remark 2.6. Let t and t ′ be two close vertices of ∆ n , and let C and C ′ be adjacent chambers of ∆ n as in the definition. Fix a vertex t of ∆ n with a primitive representative L. By Corollary 2.1, t has type 0. This choice limits us to exactly one of the n + 1 types of vertices of ∆ n ; more precisely, it restricts us to one of the two types of special vertices of ∆ n by Lemma 2.7. We will show in Proposition 2.2 that the number of vertices of ∆ n close to a special vertex of type n is the same as the number in this case.
Since a vertex close to t has the same type as t, it has a primitive representative M = L such that · · · πL 2n−1 πM L 1 · · · L 2n−1 M π −1 L 1 · · · is an oc chamber, where L 1 , . . . , L 2n−1 are as in (4) . Given the lattices L 1 and L 2n−1 , the possible L and M satisfy L 2n−1 L = M π −1 L 1 . On the other hand, if L and M are primitive lattices with [L] and [M ] close vertices of ∆ n , then π −1 L 1 = L + M and L 2n−1 is the orthogonal complement of L 1 modulo πL and πM ; L n+1 , . . . , L 2n−2 are determined (modulo πL and πM ) by L 2 , . . . , L n ; but we can vary L 2 , . . . , L n as long as the two flags πL L 1 L 2 · · · L n L,
πM L 1 L 2 · · · L n M determine chambers of ∆ n . In other words, if t and t ′ are close type 0 vertices of ∆ n , there may be more than one pair of adjacent chambers C and C ′ with t ∈ C, t ′ ∈ C ′ , and t, t ′ ∈ C ∩ C ′ as Fig. 1 illustrates when n = 2. Before we count the number of vertices close to t, we make some observations similar to those preceding Theorem 1.1. If U 1 is a 1-dimensional subspace of L/πL, the Correspondence Theorem implies that L 1 is the lattice such that L 1 /πL = U 1 and πL L 1 L; i.e., the number of L 1 equals the number of 1-dimensional subspaces of L/πL. Then if U 2n−1 is the orthogonal complement of L 1 /πL in L/πL, L 2n−1 is the lattice such that L 2n−1 /πL = U 2n−1 and πL L 2n−1 L. Finally, given L 1 and L 2n−1 , fix a chamber C of ∆ n containing [L 1 ]. This gives lattices L 2 , . . . , L n satisfying (6). Then [L 2 ], . . . , [L n ] are the vertices of a codimension-one simplex A of ∆ n . The oc identification thus implies that the number of M = L such that L 2n−1 M π −1 L 1 is one less than the number of chambers of ∆ n containing A. Theorem 2.1. If t is a type 0 vertex of ∆ n , the number ω ∆n of vertices of ∆ n close to t is q · q 2n − 1 q − 1 .
Proof. By Corollary 2.1 t has a primitive representative L. The number of 1-dimensional subspaces U 1 of L/πL is q 2n −1 q−1 , and the number of chambers of ∆ n containing a given codimension-one simplex is q + 1 by Corollary 2.4. Consequently, there are q · q 2n − 1 q − 1 vertices of ∆ n close to t.
At the end of section 2.4, we began with a type 0 vertex t of ∆ n , took a chamber C of ∆ n containing t, and expressed the codimension-one face of C not containing t in terms of a chain of lattices. To count the number of vertices of ∆ n close to t, we counted the number of chambers of ∆ n containing a certain codimension-one simplex A of ∆ n . Suppose A is the simplex with vertices [L 1 ], . . . , [L n ], corresponding to the codimension-one simplexÃ of Ξ 2n given in (5) . We can count the number of chambers of Ξ 2n containingÃ by counting the number of lattices M such that L 2n−1 M π −1 L 1 . But it is not clear that every such [M ] ∈ ∆ n since M, L 1 , . . . , L 2n−1 must determine an oc chamber. The previous theorem, however, shows that the every such [M ] is indeed a vertex of ∆ n . Corollary 2.5. Every lattice M of V such that L 2n−1 M π −1 L 1 is a representative of a vertex of ∆ n .
Proof. By the above comments and Corollary 2.4, it suffices to show that the number of lattices M of V such that L 2n−1 M π −1 L 1 is q + 1, which is clear.
We claimed earlier that the number of vertices of ∆ n close to any special vertex is independent of the type of special vertex we are given. We now prove this claim. Proposition 2.2. If t is a type n special vertex of ∆ n , the number of vertices of ∆ n close to t is ω ∆n .
Proof. Let g ∈ G S such that ord(ν(g)) ≡ 1 mod 2, and note that gt has type 0 by Lemma 2.5. Let S t be the set of vertices of ∆ n close to t and S gt the set of vertices of ∆ n close to gt. By Lemma 2.9 and Corollary 2.2, we can define functions ϕ : S t → S gt and ψ : S gt → S t by ϕ(t ′ ) = gt ′ and ψ(t ′ ) = g −1 t ′ . Since ϕ • ψ = id Sgt and ψ • ϕ = id St , Card(S t ) = Card(S gt ) = ω ∆n by Theorem 2.1.
This proposition, together with Proposition 2.1 and Theorem 2.1, proves the following corollary (cf. Corollary 1.1). Corollary 2.6. Let r ∆n be as in Proposition 2.1, and let ω ∆n be as in Theorem 2.1. Then for all n ≥ 2, q · r ∆n = r ∆ n−1 ω ∆n , where r ∆ 1 = q + 1.
